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Further analysis shows that in the case of axisymmetric
flow, the scalar momentum equations (obtained from Eq. (19)
with the corresponding expression of aij substituted therein)
cannot be stated in the strong conservation-law forms. In this
form some undifferentiated terms appear which act as
"sources" of momentum. Vinokur8 has shown that the same
terms appear when the conservation law [Eq. (3)] is applied to
a finite-volume element for axisymmetric flow.
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Introduction

DOTY and Rasmussen,l using a constant-density ap-
proximation, have presented accurate, analytical results

for hypersonic flow past an inclined cone. Lee and
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Rasmussen,2 employing similar approximations that linearize
the governing equations, have analyzed hypersonic flow past
elliptical cones. It is the purpose of this paper to extend this
approach to supersonic flow past cones of more arbitrary
cross section.

The analysis uses a straightforward perturbation of
supersonic flow past an unyawed cone. As first noted by
Ferri,3 such a procedure fails for cones at yaw or with
noncircular cross sections in a thin layer of intense vorticity
near the cone called the vortical layer. The solutions obtained
herein must, thus, be viewed as the first-order outer expansion
in a matched asymptotic expansion scheme and must, in
principle, be asymptotically matched to solutions valid in the
vortical layer. Investigations by Munson4 and others,
however, have shown that the results obtained for the cir-
cumferential velocity and pressure by means of a regular
perturbation scheme are uniformly valid throughout the
shock layer, a conclusion that extends the use of the present
paper.

Analysis
We employ a spherical polar coordinate system (r,0,<t>) with

origin at the vertex of the cone which is assumed to be em-
bedded in uniform supersonic stream along the cone axis. The
cone is assumed to be sufficiently slender that the shock is
attached to its pointed nose. The cone cross section is
described by means of a Fourier series for the polar angle of
the body,

Here 5 is the half-angle of the basic circular cone and the en
parameters that describe the deviation of the cross section
from a circle. For example, e2 measures elliptical eccentricity.
The <t>n determine the relative phase of the various Fourier
components. Our perturbation scheme assumes the en are
small compared to d. This representation of the body shape
suggests the following form for the shock angle Os, the radial
velocity w, and the azimuthal velocity w,

(1)

= u0(6)+aU0(0)cos(<t>-<t>0)+ £ enUn(0)cos[n ($-<

= aW0(0)sin(<j>-<t>0)+

(2)

(3)

The expansions for the polar velocity v, entropy s, sound
speed a, and pressure p are identical in form to that for the
radial velocity. Lower case quantities refer to the unyawed
circular cone flow, a result that is presumed to be known. The
angle of attack a is also assumed to be small compared to 8.

Substituting these expansions into the inviscid, adiabatic,
compressible flow equations as well as the shock jump
relations and tangency condition at the body and then
equating powers of a and the en to zero gives a hierarchy of
problems, the first being that past an unyawed circular cone.
The next problem corresponds to the linear effects of angle of
attack a and noncircular cross sections en and can, after some
manipulation, be reduced to the following second-order
ordinary differential equation for the radial velocity per-
turbation Un(0),

^ + (2-n2csc20) Un=n2csc2BFn (0) +Gn (4)
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where

V0(-t;0sin0)
-de (5)

(6)

with boundary conditions that derive from the shock jump
relations,

(7)

(8)

(9)

and the tangency condition at the body,

0 = 6: Ul=2u0

Here 7 is the constant ratio of specific heats and Ke=MjB.
Analysis shows that the entropy perturbation function Sn is
constant. As the results for the case « = 0 can be obtained
directly from those for the case n = 1, we shall not write the
special form of Eqs. (4-9) for n = 0.

Equation (4) is a linear equation for Un that we propose to
solve approximately by ignoring Gn. Specifically, Gn is
proportional to V0/a0 and thus vanishes at the cone surface.
In addition, when K8 is large, (v0/a0)2 is small at the shock.
Thus, for large Kd, Gn is small everywhere and is negligible.
Furthermore, the contribution of Gn to the solution for Un
vanishes identically at the shock because Un is made to satisfy
exactly the boundary conditions there. Consequently, even for
Kd that are not large, the solution obtained by neglecting Gn is
a rather accurate one. Of course, a correction to this first
approximation can be obtained by evaluating Gn with the first
approximation. Calculations by Lee and Rasmussen2 for the
particular case n = 2 showed that the resulting correction was
very small for almost all Kd.

If we ignore Gn, Eq. (4) becomes the associated Legendre
equation and, using the method of variation of parameters,
the solution can be written £s a quadrature involving the
associated Legendre function of the second kind of order one
and degree «, QJ(0) . However, the resulting quadrature
cannot be carried out in closed form in terms of known
functions. This difficulty is overcome if we restrict attention
to slender bodies (6—>0) at high Mach numbers (Ml —>oo) such
that the hypersonic similarity variable Kd remains finite. In
the hypersonic small disturbance approximation, we have, to
a high degree of accuracy,

(10)

(11)v0=-e[l-K2
8/K2

e]

and Fn can be evaluated explicitly (see Ref. 9 for the result).
Equation (4) can then be integrated for the Un explicitly in
closed form in terms of known functions. From these results
one can then determine the gn, Vn, IVn, etc. Reference 9
contains the explicit results for « = 0, 1, 2, 3, 4. Space
limitations prevent displaying the explicit formulas here.
There are no essential difficulties to extending the available
results to larger n.

Of particular interest is the surface pressure coefficient Cp9
which we write in the hypersonic small disturbance theory
similarity form,

where

(12)

(13)

Ifa
6

- L ,
"

l ) (U)

Fig. 1 Surface pressure coefficient, Ks = M, S.
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excellent agreement
a/6 < 0.4). 9

if ot/b is sufficiently small (e.g.,

Streamsurf aces and Waverider Geometries
These analytical results for the velocity field allow us to

explicitly determine the streamsurfaces of the flow, e.g.,
surfaces composed of streamlines. The streamlines follow
from solutions of drx F=0 where r denotes position along
the streamline. Substituting the expansions for u,v9 and w into
the streamline equation gives two independent scalar
equations. One of these equations can be integrated im-
mediately, to lowest order, to give

v0
(15)

Here ri and 0, are constants of integration that describe the
streamline passing through the point (r/,0,-,0;). Similarly, the
second equation becomes

d0 d<£

<xW0(6)sm(<l>-<t>0)+

(16)

which cannot be integrated analytically, in general. However,
for cones represented by a single Fourier component, a simple
result is obtained,

Figure 1 shows typical results for cpo/d2 and Cpw/6 for
7= 1.4. These results achieve a hypersonic limiting value as
Kd^<x>, which agrees well with other known solutions. For
example, our result for Cpl/b takes the limiting value 4.046,
which is to be compared with 4.088 obtained by Cheng5 in a
separate analysis. The linear theory limit, K8^0, of Eq. (14)
yields Cpn/d~4/n, which agrees exactly with the linearized
theory result of Mascitti.6

Figure 2 shows a typical comparison of the results of the
present theory for a slightly elliptical cone (n-2) with ex-
perimental data of Visich and Zakkay7 and with a purely
numerical calculation due to Jones.8 As these results show,
the present approximate theory faithfully reproduces the
azimuthal trends observed experimentally. Other comparisons
with less eccentric elliptical cones show an even closer
agreement.9 Comparison of the present theory with ex-
perimental results for a circular cone at angle of attack give

Using Eqs. (10) and (11), we can evaluate the integrals in Eqs.
(15) and (17) to obtain, approximately,

L
r 02-d2

fn<t>\ /n<t>t \ / 0 -tan(y)=tan(-)(——0
2-d2 0?

(18)

(19)

Typical results from Eq. (19) are shown in Fig. 3 for n = 1-4.
These cross flow streamlines give the projection of streamlines
on the unit sphere.
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Any streamsurface of an inviscid flow can be taken to be a
solid boundary. Consequently, the streamlines shown in Fig.
3 can be used to generate new lifting body shapes. These
shapes are called waveriders as they develop lift because of the
shock wave they "ride" upon. By choosing streamlines such
as shown in Fig. 3, bodies can be developed which have
winglike surfaces that fair smoothly into the rest of the body.
Closed aerodynamic shapes can be achieved in a variety of
ways. Figure 4 shows sketches of possible shapes that derive
from the streamlines in Fig. 3 and planes parallel to the
freestream velocity. These waveriders efficiently integrate
volumetric, propulsive, and aerodynamic requirements and
could be the basis for a new generation of maneuverable
supersonic/hypersonic vehicles. The analytical solutions
developed herein are particularly attractive in that they allow
the effects of Mach number, angle of attack, and cross-
sectional shapes to be evaluated in closed form.
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IN recent years, there has been an increased emphasis upon
the development of more efficient transport configurations

with cruise speeds in the transonic speed regime. This has

resulted in a requirement for high quality aerodynamic data
on increasingly complex configurations in this speed regime.
This requirement for high quality data has revealed some of
the shortcomings of existing transonic test facilities.

A limitation of existing transonic wind tunnels is their
inability to provide an adequate simulation of full-scale free-
flight Reynolds number. It has been proposed1 that this
present inadequacy can be overcome by operating transonic
wind tunnels at low total temperatures, i.e., on the order of 80
K. In such test facilities, the maximum values of Reynolds
number are obtained at the lowest values of total temperature.
Under these conditions, the possibility exists that con-
densation in the tunnel flow can occur with its attendant
effects on the aerodynamic measurements.

A second concern in wind tunnel measurements, cryogenic
or not, is the manner in which these measurements are af-
fected by the tunnel boundary. Although significant im-
provements have been made in the theoretical methods that
have been developed to correct for these boundary effects,
these methods are not yet in a sufficiently developed state
where they can be used to correct the aerodynamic
measurements for wall interference effects.

From the foregoing, it clearly is necessary to distinguish
between wall interference and condensation effects in the
operation of cryogenic transonic wind tunnels. It is the
purpose of this Note to suggest that some aspects of these
problems can be evaluated using existing free-flight sphere
drag data, although additional measurements at lower Mach
numbers and high Reynolds numbers would be highly
desirable.

To properly calibrate a wind tunnel in the transonic region,
a known configuration with sufficient real free-flight data is
required. The obvious shape is the sphere, since projectile or
other shapes require duplicating in the tunnel the complicated
yaw, spin, and orientation dependence on M^ of free-flight
conditions.

In our context, three types of sphere drag data need to be
considered. These are 1) actual free-flight data (ff) from
firings in aerodynamic ranges; 2) force balance measurements
in a wind tunnel (t) using stings; and 3) free-flight firings
through a wind tunnel (tff). An equivalent to 3 is the sting-
free magnetic suspension technique (tsf) in a wind tunnel. As
will be seen, these data do not appear to yield the same results.
Consequently data of type 1 can be used both to calibrate
tunnel effects on type 3 data and sting effects on type 2 data.

Jaffe2 has measured the drag of a sphere in a transonic
wind tunnel both with a force balance (t) and also with a free-
flight technique (tff). As a result of these measurements (Fig.
1), Jaffe2 observes that sphere drag measurements are not
affected significantly by reasonably sized stings. However, it
should be noted that the experimental free-flight drag value at
MO, « 0.95 is approximately 10% greater than the
corresponding force balance value. To determine whether this
difference is a result of sting interference effects at this Mach
number would require a further experimental investigation. It
should be noted that these measurements were obtained for a
model blockage ratio of 0.03%.

Implicit in Jaffe's discussion2 is the assumption that the tff
sphere drag coefficient values are correct. Whether this is in
fact true can be determined by comparing these wind tunnel
values with those obtained at the same values of Mach and
Reynolds number in actual non-tunnel free flight. These wind
tunnel sphere drag coefficient values (tff), which were ob-
tained for a Reynolds number of 2.5 x 105, are compared in
Fig. 1 with the corresponding true free-flight values derived
from an analysis of such measurements by Miller and
Bailey. 3t This comparison shows that for M^^O.98, the
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JSince the submission of Ref. 3, the work of Giraud4 has been
received. His 20 mm results and the 4 in. data of Zahm5 (below
MO, = 0.6) have been incorporated with cannon data collected for Ref.
3. These data lead to Fig. 2, which differs only slightly from Fig. 4 of
Ref. 3. The most noticeable change is a persistence to higher Mach
numbers of the dips at Re^d above 5 x 105.


